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Abstract: In this paper we introduced Smarandache-2-algebraic structure of R-module 
namely Smarandache-R-module. A Smarandache-2-algebraic structure on a set N means 
a weak algebraic structure AO on N such that there exist a proper subset M of N, which 
is embedded with a stronger algebraic structure Al, stronger algebraic structure means 
satisfying more axioms, by proper subset one understands a subset from the empty set, from 
the unit element if any, from the whole set. We define Smarandache-R-module and obtain 
some of its characterization through S-algebra and Morita context. For basic concept we 


refer to Raul Padilla. 


Key Words: R-module, Smarandache-R-module, $-algebras, Morita context and Cauchy 


modules. 


AMS(2010): 53C78. 


§1. Preliminaries 


Definition 1.1 Let S be any field. An S-algebra A is an (R, R)-bimodule together with module 
morphisms 4: A®rpA — A andy: R— A called multiplication and unit linear maps respectively 
such that 

A@rA@nA=¥ A@RAS A with wo (uw @14) ="0 (14 @ p) and 


REY AGRA A with po (N@ 1a) =p0 (1a @n). 


Definition 1.2 Let A and B be S-algebras. Then f : A— B is an S-algebra homomorphism 
if upo(f@f)=fopma and fona =n. 

Definition 1.3 Let S be a commutative field with 1p and A an S-algebra M is said to be a 
left A-module if for a natural map 7: A@r M > M, we have wo (1a @7) =70(U@ 1p). 
Definition 1.4 Let S be a commutative field. An S-coalgebra is an (R, R)-bimodule C with R- 
linear maps A: C > C@RC ande: C = R, called comultiplication and counit respectively such 
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A lco@a ¢ A lo@e 
that 5s C@RC = C@xC@RC with (Ic@A)oA =(A@lg)oA and OS Cord SG R 
A@®la E@lo 
with (lc @e)oN=1loe=(E@le)oA. 


Definition 1.5 Let C and D be S-coalgebras. A coalgebra morphism f : C — D is a module 
morphism if tt satisfies Apo f =(f@f)oAc andepo f =Ec. 


Definition 1.6 Let A be an S-algebra and C an S-coalgebra. Then the convolution product is 
defined by fxg = pho(f @g)oA with LHomR(C, A) = no € (1r) for all f,g © Homp(C, A). 


Definition 1.6 For a commutative field S, an S-bialgebra B is an R-module which is an algebra 
(B,u,) and a coalgebra (B,A,e) such that A and « are algebra morphisms or equivalently 


and n are coalgebra morphisms. 


Definition 1.7 Let R,S be fields and M an (R,S)-bimodule. Then, M* = Homp(M, R) 
is an (S,R)-bimodule and for every left R-module L, there is a canonical module morphism 
aM : M* @r L > Homr(M,L) defined by al! (m* @1)(m) = m*(m)l for allm € M,m* € M* 
andl € L. If al! is an isomorphism for each left R-module L, then rMsg is called a Cauchy 
module. 


Definition 1.8 Let R,S be fields with multiplicative identities M, an (S, R)-bimodule and N, 
an (R, S)-bimodule. Then the six-tuple datum K = [R,S,M,N,(,) pr, (,)s] is said to be a Morita 
context if the maps (,)r: N @g M — R and (,)s: M@rRN — S are binmodule morphisms 


satisfying the following associativity conditions: 
m' (n,m) R = (m',n)s m and (n,m) Rn’ = n(m,n’)s 


(,)r and (,)s are called the Morita maps. 


§2. Smarandache-R-Modules 


Definition 2.1 A Smarandache-R-module is defined to be such an R-module that there exists 
a proper subset A of R which is an S-Algebra with respect to the same induced operations of R. 


§3. Results 


Theorem 3.1 Let R be a R-module. There exists a proper subset A of R which is an S-coalgebra 
iff A* is an S-algebra. 


Proof Let us assume A* is an S-algebra. For proving that A is an S-coalgebra we check 
the counit conditions as follows: 


EAR AGES ASP A Gs A MAR 
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Next, we check the counit condition as follows: 


MAR ASRS OES OO ABA SR AOR 


"424% (A @p A) On (A@r A)* 4254 (An A) Op (AR A)" 
1484 (A @p A) Op A* Ss (A@RA) ORAS A@RA—HA. 


Thus, A is an S-coalgebra. 


Conversely, Let us assume A is an S-coalgebra. Now to prove that A* is an S-algebra, we 
check the unit conditions as follows 


Re Ais wet ag AA: 
We check the multiplication conditions as follows A is a Cauchy module. Notice that 


A®pA—R, 
AZ ASQRASRR 
LL: AQpA eS A 


EE A) Ace Aen At 3 Pi AY tS Ae. 


@rA—> ROR A* ay 


Thus, A* is an S-algebra. By definition, R is a smarandache R-module. 


Theorem 3.2 Let R be an R-module. Then there exists a proper subset Endsg(M)* of R which 


is an S-algebra. 


Proof Let us assume that R be an R-module. For proving that Ends(M) is an S-coalgebra 
which satisfies multiplication and unit conditions uw: Endg(M)@r Ends(M) — Ends(M) and 
n:R— Endg(M), we check the comultiplication condition as follows: 


lena(M)@n 
)®r 


A: Ends(M) & Ends(M Ends(M) ®r Ends(M). 


Next, we check the counit conditions as follows: 


lena(mM)®n 
— 


é€:Endg(M) ® Ends(M)@rR Ends(M) ®r Ends(M) 


=25 Homr(M, M) @z Homr(M, M) 


weg 


28° (M’ @r M) @p(M’ @p M) R®RR—=R. 


Thus Endgs(M) is an S-coalgebra. By Theorem 3.1, Ends(M)* is an S-algebra. Hence, R is a 
Smarandache R-module. 


Theorem 3.3 Let R be an R-module. Then there exists a proper subset M ®p M* of R which 


is an S-algebra. 


Proof For proving that M ®pr M* is an S-algebra, we check the multiplication and unit 
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conditions as follows: 


R 


pw: (M @R M*)@(M @R M*) = M ®r(M* @rM) rR M* 
IupmM@1u M ®RR®ORM* 
1m@ym M @p M*. 


As M is a Cauchy module, we have 


n: R— Ends(M) => M @p M*, 


which implies that MM ®@p M* is an S-algebra. Hence, R is a Smarandache R-module. 


Theorem 3.4 Let R be an R-module. Then there exists a proper subset the datum [R, M, N,(,) pr] 
a morita contett (M ®prN)* of R which is an S-algebra. 


Proof Let us assume that R be an R-module. For proving that M @p N is an S-algebra, 


we have 


u:(M @rN)@r(M @RN) = M @r(N @rRM)@RN 
a M @rRORN — MORN, 


which shows that the multiplication condition is satisfied. 
Also, since M and N are Cauchy R-modules, there exist maps 
nEndeg(M):R—> M*®rM and nEnds(N): R- N* @RN 


that can be used to prove the unit condition as follows: 


nEnds(M)@nEnds(N) 


n:RERORR — (M* ®r M) @r(N* @rN) 
ee (M* @p N*)@p(M @RN) 
Mey (M @pN)* @p(M @RN) 
neon R* @p(M @RN) 
Jey R@r(M @RN) = (M@RN), 


which implies that IM ®pR N is an S-algebra. By definition, R is a Smarandache R-module. 


Theorem 3.5 Let R be an R-module. Then there exists a proper subset the datum [R, M, N, (,)R] 
a morita contertt M ®rN of R which is an S-coalgebra. 


Proof Let us assume that R be an R-module. For proving that (14®prWN) is an S-coalgebra, 


Smarandache-R-Module and Mcrita Context 59 


we have 
A:M®@rN = (M @r N) @r (R@r) 
Im@n @nEnds(M)@nEnds(N) (M* Qr M) Qr (N* Qr N) 

1 fa 

wen? (M @RN)®r(M @RN) OR (M* SR N*) 
Imen®® (M @prN)@r(M ®rN)®r(M @pz N)* 

Hiseeyes (M @pN)@r(M @rN) ORR 
oe (M @®rN)@r(M @RQN). 


Also, we have the counit condition as follows: 


Einds(M 
e:M@pN aw (M @p N) @p R MONEE (1 @p N) Op (M* @RM) 
(RginreM Pep M* Oa M = M* @nM © R, 


which implies that => M ®RN is an S-coalgebra. Hence, R is a Smarandache R-module. 


Theorem 3.6 Let R be an R-module. Then there exists a proper subset the datum [R, M, N, (,)R] 
a Morita context iff M ®rN is an S-bialgebra. 


Proof First, if M @pN is an S-bialgebra by Theorem 3.5, we know that M @pR N is an 
S-algebra and M @pR N is an S-coalgebra. Hence by definition, R is a Smarandache R-module. 
If M ®Rr N is an S-bialgebra, we have the map 


Ee=(.)r:M@rN-R. 


Associativity of the map ¢ = (,)r holds because the diagram 
(M @pN)@pM => M@pR(N @RM) 


e@ly\, / im @®e 
M 


is commutative. Hence the datum [R, M, N, (,)R] is a Morita context. 
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